Introduction. S. Lipka
1 has recently announced a refinement of the classic theorem of Cauchy that all the zeros of the polynomial (1.1) ƒ(*) = a 0 + a x z + • • • + a n z n , a n ^ 0, lie in the circle \z\ ^r t where r is the positive root of the real equation (1.2) F n (z) = | 0 O | + Ui| z + • • • + | a n -i| z^1 -I a n \ z n = 0.
Lipka's refinement consists in replacing the circle |s| = r by a curve G(r 0 , r\ n t «o) which bounds a gear-wheel region. This region is formed by deleting from the circle | z\ ^r the points common to the annular ring 0Oo< | z\ Sr and to the n sectors and a 0 = arg a 0 /a n . Now, the Cauchy theorem is but a special case of the following theorem due to Pellet.
is such that the real polynomial Math. vol. 26 (1924 -1925 ) pp. 59-64 and A. Ostrowski, Bull. Amer. Math. Soc. vol. 47 (1941 Theorem 1.1 will be proved in §2 and applied in §3 to the refinement of various known bounds on the zeros of a polynomial. Finally, the theorem will be generalized in §4, first by replacing the polynomial $p(z) by the polynomial $k P (z) ~ F P (z) ~\ah\z h and secondly by replacing the polynomial ƒ(z) by a power series.
2. Proof of Theorem 1.1. Let us first prove the existence of the roots r 0 and R 0 of equation $ p (z)=*0 and the validity of inequality (1.8). Since r and R are the positive zeros of F p (z), it follows from (1.6) that, for any sufficiently small positive number €,
the zeros r and R of F p (z) satisfy the relations
When taken together with the facts that The corresponding polynomials F 9 (z) and * P (z) are
On denning
we may write
Clearly F"(1)=0. Since F,(l+8)-8g(l+«), then for 3 sufficiently small g(l) >0 implies that F p (l +$) >0 or <0 according as 5>0 or <0 and g(l)<0 implies that F p (l+$)<0 or >0 according as 5>0 or <0. That is, using the notation of Theorem 1.1, we see that
We thereby conclude that the following is true. An analogous result for g(z) with, however, curve G(r 0 , 1 ; p, T) replaced by the circle \z\ =1 was first stated by Berwald.
3 His result was a generalization of the Kakeya-Eneström 4 theorem that all the zeros of the real polynomial (3.5) with 0<bo<h< • • • <b n lie in or on the unit circle \z\ =1. Our analogy to the Kakeya-Eneström theorem will be included in the following theorem. This theorem may be derived from Theorem 3.1 indirectly by a limiting process or directly by the same methods as used for Theorem 3.1.
In our next application, we shall use Theorem 1.1 just in the case p = n. This restriction is made only to simplify the statement of results, since a similar application may be made when p is an arbitrary integer, 0<pSn. The result to be proved is the following. Likewise, an equality m (3.9) would imply that Mo is the positive root r 0 of the equation (1.4) whereas an inequality in (3.9) would imply that Mo>r 0 . Since by Theorem 1.1 all the zeros oîf(z) lie in or on the curve G(r 0 , r; n, a 0 ), they surely all lie in or on the curve G(M 0 , M; n, a 0 ). Theorem 3.3 whose proof we have just completed is a refinement of the result due to Fujiwara 6 that all the zeros of f(z) lie in or on the circle \z\ i&M.
As a simple application of Theorem 3.3, let us take X,= » for i = l, 2, • • • , n and [Xj -n -1 for i = l, 2, • • • , n -1. We obtain thereby the following corollary. 
